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ALMOST CONTACT B-METRIC MANIFOLDS AS EXTENSIONS 
OF A 2-DIMENSIONAL SPACE-FORM 


HRISTO MANEVI’2 

Abstract. The object of investigations are almost contact B-metric manifolds 
which are derived as a product of a real line and a 2-dimensional manifold equipped 
with a complex structure and a Norden metric. There are used two different 
methods for generation of the B-metric on the product manifold. The construc¬ 
ted manifolds are characterised with respect to the Ganchev-Mihova-Gribachev 
classification and their basic curvature properties. 


1. Introduction 

The differential geometry of almost contact metric manifolds is well studied (e.g. 
[1]). Ganchev, Mihova, Gribachev begin investigations on the almost contact mani¬ 
folds with B-metric in [3]. These manifolds are the odd-dimensional counterpart of 
almost complex manifolds with Norden metric (briefly, almost Norden manifolds) 
[2, 4], where the almost complex structure acts as an anti-isometry regarding the 
metric. Further, almost contact B-metric manifolds of arbitrary odd dimension are 
investigated in many works, for example [11, 12, 13, 14, 15, 17]. 

An object of our special interest is the case of the lowest dimension 3 of the 
considered manifolds ([6, 7, 8, 9, 10]). In the present paper, there are used two 
different methods for construction of an almost contact B-metric manifold as a 
product of a real line and a 2-dimensional Norden manifold. The goal of this work 
is a characterisation of the obtained manifolds. 

The paper is organized as follows. In Sect. 2 we recall some preliminary facts 
about almost contact B-metric manifolds and almost Norden manifolds. In Sect. 3 
and Sect. 4 we study the considered manifolds derived from a space-form of real 
dimension 2 equipped with a complex structure and a Norden metric, which are 
constructed as its cone and its S'^-solvable extension, respectively. 

2. Preliminaries 

2.1. Almost contact B-metric manifolds. Let {M,Lp,^,r],g) be an almost con¬ 
tact B-metric manifold, where M is a (2n -|- l)-dimensional differentiable manifold 
with an almost contact structure (<^, rj) consisting of an endomorphism Lp of the 
tangent bundle, a Reeb vector field its dual contact 1-form i] as well as M is 
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equipped with a pseudo-Riemannian metric g of signature n), called B-metric, 

such that: 

(^^ = 0, (p2 =-Id + r /0 r/ 0 (^ = 0, r/(0 = 

g{ipx, g)y) = -g{x, y) + g{x)g{y), 

where Id is the identity map ([3]). In the latter equality and further, x, y, z, w will 
stand for arbitrary elements of j£(M), the Lie algebra of tangent vector helds, or 
vectors in the tangent space TpM of M at an arbitrary point p in M. Let us recall 
that these manifolds are the odd dimensional extension of the almost Norden man¬ 
ifolds and the case with indehnite metrics corresponding to almost contact metric 
manifolds. 

The associated metric g of g on M is dehned by g{x, y) = g{x, py) -f g{x)g{y) and 
it is also a B-metric. The manifold {M,Lp,^,r],'g) is also an almost contact B-metric 
manifold. 

The Ganchev-Mihova-Gribachev classihcation of almost contact B-metric mani¬ 
folds, consisting of eleven basic classes Ti, T 2 , • • •, Ihii, is given in [3]. It is made 
with respect to the (0,3)-tensor F dehned by 

F{x,y,z) = g{{Va:^)y,z), 

where V is the Levi-Givita connection of g and the following general properties are 
valid; 

F{x, y, z) = F(x, 2 ;, y) = F(x, py, pz) + g{y)F{x, z) + g{z)F{x, y, 0, 

F{x, py, 0 = i^xv)iy) = y)- 

The intersection of the basic classes is the special class B'q, determined by the 
condition F(x, y, z) = 0 and it is known as the class of the cosymplectic B-metric 
manifolds. 

Let {ep (i = 1, 2,..., 2n) be a basis of TpM and let (gij) be the corresponding 
matrix of g and {g'^^) be its inverse matrix. The 1-forms 6, 6*, oj associated with F, 
called Lee forms, are determined by: 

e{z) = g'’^F{ei,ej,z), e*{z) = g"^F{ei,y}ej, z), uj{z) = F{C,^, z). 

In the present work, we consider the case of the lowest dimension of the considered 
manifolds, i.e. dim M = 3. 

The basis {ci, 62 , 63 } in any tangent space at an arbitrary point of M is called a 
ip-basis if the following equalities are valid 

= 62 , ¥^62 = —ei, 63 = 

g{ei, ei) = -g{e2, 62 ) = g{e3, 63 ) = 1, g{ei, Cj) = 0 , z 7 ^ j. 

According to [ 6 ], the components of F, 6, 6*, w, denoted by Fijk = F{ei,ej,ek), 


Ok = 0 {ek), 01 = r(efc), Uk 

= u{ek), with respect to the given (p-basis are 

0i = F221 — F331, 

O2 = F222 — T332, 

O3 = F223 ~ F 322 -, 

(2) 01 = F23I + -^ 321 , 

O2 = F223 + F322, 

O3 = F222 + F332 , 

UJI = 0, 

^2 = T112, 

1^3 = T113. 
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Let us denote by (s = 1, 2,..., 11) the components of F in the corresponding 
basic classes In [6], are obtained for dimM = 3 and it is established that the 
class of 3-dimensional almost contact B-metric manifolds is 


5'i©lL4©3^5©lL8®3^g©lLio©lLii- 

According to [14], the class of the normal almost contact B-metric manifolds is 
ILi © IL 2 © 3^4 © IL 5 © ©65 since the Nijenhuis tensor of almost contact structure 
vanishes there. Therefore, we conclude that the class of the 3-dimensional normal 
almost contact B-metric manifolds is ©1 © ©4 © © 5 . The corresponding components 
of F for X = x^Ci, y = y^ej, z = z^ek are the following ones in compliance with [ 6 ]; 

F^{x, y, z) = {x ‘^92 — x^Os) {y‘^z^ + y^z ^), 

62 = F222 = -^ 233 ) ^3 = —F322 = —F333] 

^ 2 ^ F^{x, y, z) = i 6 'i {y^z'^ + y‘^z^) - x^ {y^z^ + y^z ^)}, 

1^1 = F212 = F221 = —F313 = —F331; 

F®(x, y, z) = {y^z^ + y^z^) + 

= .^213 = -^231 = -^312 = -^ 321 - 

In [12], there are given fundamental facts of the conformal geometry of almost 
contact B-metric manifolds. We recall some of them which are in relation with the 
obtained results in this work. 

The contactly conformal transformations are determined by 

g = cos 2 v g + sin 2 u ^ + (1 — cos 2 u — sin 2 v)g © g 

and they form a group C. The minimal contactly conformal equivalent class with 
respect to C is contained in the most cramped class with non-zero Lee forms 9 and 
9*, the class ©i©© 4 ©© 5 , whose is also the minimal contactly conformally invariant 
class with respect to C. 

The classes ©i ©©4 and ©i ©©5 are locally contactly conformally invariant with re¬ 
spect to the transformations of the groups ( 71,4 and ( 7 i, 5 , respectively, which are con¬ 
tactly conformal transformations satisfying the conditions dM(^) = 0 and du(^) = 0 , 
respectively. Similarly, the classes © 1 , ©4 and ©5 are locally contactly conformally 
invariant with respect to the transformations of the groups (7i, C 4 and (Ts, respect¬ 
ively. The latter groups are determined by the conditions; 

Cl : du{^) = dv{^) = 0 , 

(74 : duo (p = dv o du{^) = 0 , 

(75 : duo (p = dv o ^ dv{^) = 0 . 

The subsets 3^ {i = 1,4,5) are subclasses of ©* with closed Lee forms 9 and 9*. 
An ©Q-manifold is contactly conformally equivalent to a manifold from the classes 
© 5 *©©^, © 5 *©©^, ©)*, ©^, ©^ with respect to transformations belonging to the groups 



4 


H. MANEV 


C° 4 , C 4 5 , C 4 , C^, Cg, respectively. The latter subgroups are determined as follows: 
(^1^4 D C 4 4 : d{du o (p) = 0 , D 5 : d{dv o (p) = 0 , 

Cl D (7° : d{du o (f) = d{dv o (^) = 0, 

6*4 D 6*4 : d{du o (p) = 0, C 5 D : d{dv o = 0. 

In [11], it is defined the square norm of V(^ as follows 

( 4 ) llVi^ll^ = g«yg((Ve.*=)ei. (V,,t=) e.). 

If an almost contact B-metric manifold has a zero square norm of V(p it is called an 
isotropic-cosymplectic B-metric manifold ([11]). Obviously, the equality ]|V(^]|^ = 0 
is valid if (M, ip, rj, g) is an To-manifold, but the inverse implication is not always 
true. 

Let R = [V, V] — V[ , ] be the curvature (l,3)-tensor of V and the corresponding 
curvature (0,4)-tensor be denoted by the same letter: R{x, y, z, w) = g{R{x, y)z, w). 
The following properties are valid in general: 

R{.x, y, z, w) = -R{y, x, z, w) = -R{x, y, w, z), 

R{x, y, z, w) + R{y, z, x, w) + R{z, x, y, w) = 0. 


Let the essential curvature-like tensors tti and n 2 (i.e. tensors generated by g and 
ip such that they possess the properties (5)) of types (1,3) and (0,4) are defined by 

n(x, y)z = g{y, z)x - g{x, z)y, 

7r2(x, y)z = g{y, ipz)(px - g{x, ipz)ipy, 

7ri(a:, y, z, w) = g{y, z)g{x, w) - g{x, z)g{y, w), 

TT 2 ix, y, z, w) = g{y, (pz)g{x, ipw) - g{x, ipz)g{y, ipw). 


Let the Ricci tensor p and the scalar curvature r for R and g as well as their 
associated quantities be defined as follows 

, . p{y. z) = 9 "^R{ei, y, z, Cj), p*{y, z) = g^^R{ei, y, z, ipej), 

r = g^^p{ei, e^), r* = g^^p*{ei, ej), r** = g'^p*(ei, ipej). 


The sectional curvature of each non-degenerate 2-plane a in TpM with respect to 
g and R has the following form 


( 8 ) 


_ R{x,y,y,x) 
9 {x,x)g{y,yy 


where {x,y} is an orthogonal basis of a. 

A 2-plane a is called a ip-holomorphic section (respectively, a ^-section) if a = ipa 
(respectively, ^ G a). 


2.2. Almost complex manifold with Norden metric. Let us remark that the 
2n-dimensional contact distribution H = keT{ri) of {M,Lp,^,g,g) can be considered 
as an almost complex manifold N endowed with an almost complex structure J = 
ipln and a metric h = g\H, where ip\H and 9 \h are the restrictions of ip and 9 on H, 
respectively. 
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Let x', ?/', 2 ;', w' denote arbitrary vector fields or vectors in the contact distribntion 
H of M. Since g is a B-metric of M, then /i is a Norden metric on H, i.e. it is 
compatible with J as follows 

h{Jx', Jy') = -h{x',y'). 

The associated Norden metric h of h is determined by 

h{x',y') = h{x', Jy'). 

Both metrics h and h have signature {n,n). 

We recall that an 2?7.-dimensional manifold N with almost complex structure J 
and Norden metric h is an almost Norden manifold (iV, J, h). The manifold (iV, J, h) 
is also an almost Norden manifold. 

In the present work we pay attention to the case of the lowest dimension. Let 
(A^, J, h) be a 2-dimensional almost Norden manifold. It is known that such a ma¬ 
nifold is a space-form, i.e. the manifold has constant sectional curvature k' and 
its curvature tensor has the form E! = k' where is the essential curvature- 
like tensor as tti in (6) but with respect to h. Moreover, according to [2], any 2- 
dimensional almost Norden manifold is integrable and it belongs to the basic class 
Wi. In other words, this is the class of the considered manifolds which are conform¬ 
ally equivalent to Kahler-Norden manifolds, where conformal transformations of the 
metric are given hy h = e^“(cos 2n /i-|-sin 2v h) for differentiable functions u, v on N. 
The Kahler-Norden manifolds are the most specialized case of the almost Norden 
manifolds, determined by V'J = 0, where V' is the Levi-Civita connection of h. 
Their class is denoted by Wq and it is a subclass of Wi. The fundamental tensor F' 
of {N, J, h) is defined by F'(x', ?/', z') = y', z') and for any Wi-manifold it 

is determined as follows 

F'(x', y', z') = |{/i(x', y')6'{z') + /i(x', Jy')d'{Jz') 

F h{x', z')9'{y') + h{x', Jz')9'{Jy')}. 

A more wide subclass of Wi comparing with Wq contains the so-called isotropic- 
Kdhler-Norden manifolds ([16]). They have a vanishing square norm of V'J, i.e. 
||V'J||^ = 0, where this square norm is defined by 

(10) llV'Jf = h'‘h‘“h({V,J)et, (V(, J)e.) 
with respect to an arbitrary basis. 

3. The cone over a 2-dimensional complex space-form with Norden 

METRIC 

In this section, we consider the cone over N, Q{N) = R"*" x N, where R’*' is the 
set of positive reals. We equip it with a metric g defined by 

(11) ^ ((x', a^) , (i/', 6^)) = h(x', y') + a6, 

where t is the coordinate on R"*" and a, b are differentiable functions on G{N). 

We introduce an almost contact structure on the cone by 

(12) f\h = J, h = dt, <p^ = 0, goip = 0. 
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(13) 


Obviously, the manifold {Q{N),Lp,^,r],g) is an almost contact B-metric manifold. 
Using the general Koszul formula 

z) = xg{y, z) + yg{z, x) - zg{x, y) 

+ 9 {[x,y],z) - g{[y,z],x) + g{[z,x],y), 

(11) and (12), we obtain the following equalities for the Levi-Civita connection V 
of the B-metric g on G{N): 

g (V„/|/', z') = t^h (V(,,|/', z '), g {V^y', z')=th (?/', z '), 

g (Vx'2/', 0 = -th (x', y '), g z') = th (x', z'). 

Further, using (14), we find the following formulae for the covariant derivatives with 
respect to V 

(15) Va^'y' = V^,y' - ^g (x', ?/') V^y' = ^y', = ^x'. 


(14) 


Bearing in mind (5) and (15), we obtain 
R{x', y')z' = - l)7ri(x', y')z', 

R{x\ y% = R{x\ Oz' = R{i. y')z' = R{x\ Oi = R{L v')^ = 0- 
Therefore, by direct computations, we get the following 


Proposition 3.1. The following equalities for the curvature tensor R of (C(A^), (p, 

? 7 , g) are valid: 

R{x',y',z',w') = ^{k' - l)ni{x', y',z',w'), 

(16) R{^, y\ U, w’) = i?(x', U, w') = i?(x', y’, w') 

= R{x', y’, z\ i) = R{i, y', z', f) = 0. 

According to (1) and (11), we obtain the components hij = h[ei,ej) and gij = 
g{ei, Cj) and the non-zero of them are 

(17) hii = —h22 = gii = —g22 = 5'33 = 1- 
Using (13), (15) and (17), we get 

VeiCi = Vg^ei — lea, e\^2 = Vg^e2, VeiCs = jCi, 

(18) VegCi = Vg^Ci, Ve 2 e 2 = Vg 2 e 2 -|- jCs, VeaCs = ^ 62 , 

VegCi = lei, Ve3e2 = le 2 , VegCs = 0. 

By virtue of (4), (12), (17) and (18), we obtain the value of the square norm of 
V(p as follows 

||V(^|p = 2 {( 0 i) 2 -( 02 )n-^, 

\\VJf = 2t\{e^f-{e2f}. 

The latter equalities imply 

= l{||V'Jf-4} 

and the truthfulness of the following 
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Theorem 3.2. (1) The manifold is an isotropic-cosymplectic 

B-metric manifold if and only if the square norm of V'J on [N, J, h) is 


V'J||2=4. 


(2) The manifold [N, J, h) is an isotropic-Kabler-Norden manifold if and only if 
the square norm ofVip on {G{N),ip,^,ri, g) is 

livt^f = -4 

Taking into account (12), (17) and (18), we compute the components Fijk of F 
and get 


-^111 — Fi22 — ^ 1 , -^211 — F 222 — —O 2 , 

Fi23 = -^132 = -^213 = -^231 = 

where 6 [ = 9'{ei) for i = 1, 2, as well as the other components of F are zero. 

Using (2), we obtain the components of the Lee forms of (6(77), 99 , g, g) and the 
non-zero of them are: 

2 

n _ nr n _ nr n* _ nr a* _ nr n* _ 

Ui — U 2 — ^ 2 , — —^2, ^2 — ^ 1 ) ^3 — f- 

Bearing in mind (3) and (19), we establish the equality 

F{x, y, z) = {F^ + F^){x, y, z), 


where F^ and F^ are the components of F in the basic classes Ti and T 5 , respectively. 
The non-zero components of F^ and F^ by means of (3) and (9) are the following 


-'^111 ~ -'^122 ~ 


F^ — F^ — —do 
-^^211 ~ -^^222 ~ '^ 2 ; 


p5 IT'S IT'S p5 In* 

^123 ~ ^132 ~ ^213 ~ -‘^231 ~ 2 ^^' 

Therefore, we establish the truthfulness of the following 


Theorem 3.3. The manifold {Q{N),(p,^,g, g) 

( 1 ) belongs to Ti © T 5 , 

(2) belongs to T 5 if and only if {N, J, h) is a WQ-manifold, 

(3) could not belongs to ©i. 


The class Ti © T 5 is a subclass of the class Ti © T 4 © Ts of the 3-dimensional 
normal almost contact B-metric manifolds. 

Using (16), (17) and (18), we compute the components Rijki = R{ei,ej,ek,ei) of 
the curvature tensor R. The non-zero ones of them are determined by (5) and the 
following 

( 20 ) 7?i212 = ~ !)• 

Theorem 3.4. The manifold (C(A^), (p, 17 , g) is flat if and only if k' = 1. 
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Bearing in mind ( 8 ), (17) and (20), we compute the basic sectional curvatures 
kij = k{ei,ej) as follows 

( 21 ) ki2 = ~ 1 )) ^13 = ^23 = 0 . 

Taking into account (7), (17) and (20), we obtain the basic components pjk = 
p{ej,ek) and = p*{ej,ek) of the Ricci tensor p and its associated tensor p*, re¬ 
spectively, as well as the values of the scalar curvature r and its associated quantities 
r*, T** . The non-zero ones of them are: 

(22) Pii = -P 22 = Pl2 = P*21 = lr= It** = j,{k' - 1). 

By virtue of (21) and (22), we conclude the following 

Proposition 3.5. For the manifold (C(7V), (p, p, p) 

(1) the sectional curvatures of the ^-sections vanish, 

(2) T* = 0, 

( 3 ) T** = T. 

Proposition 3.6. The following assertions for {Q{N),ip,f,ri,g) are valid: 

(1) k' < 1 if and only if t < 0; 

( 2 ) k' = 1 if and only if t = 0 ; 

(3) k' > 1 if and only if t > 0. 


4. The S'^solvable extension of a 2-dimensional complex space-form 

WITH NORDEN metric 

In the present section, let us introduce a warped product 3-dimensional manifold 
S^{N) = R"*" Xt 2 N as follows. Let df be the coordinate 1-form on R’*' and let us 
dehne an almost contact B-nietric structure on S^{N) as follows 

(23) (flff = J, f, =h = dt, po(p = 0, p = df^-|-cos 2f h — sin 2f/i. 

In [5], it is proved that the warped product manifold S^{N) equipped with the 
almost contact B-metric structure dehned in (23) is an almost contact B-metric 
manifold. The constructed manifold {S^{N),ip,^,ri, g) in this manner is called an 
-solvable extension of {N, J, h) in [5]. 

Using (13) and (23), we compute the components of the covariant derivative V 
as follows: 

(24) ^ ~ ^ sin2t{p (x', y') 0 + p (x', Jp') JO'^} + p (x', Jy') 

V^y' = -Jy', = V^e = 0. 

In the latter equalities and further, we denote by 6 '^ the dual vector of 6 ' with respect 
to h. Analogously, 9'^ stands for the dual vector of 9 with respect to p. 
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Using (24), we obtain 

R{x', y')z' = k'{cos 7ri(x', y')z' — sin2t J7r2(x', y')z'} — 7r2(x', y')z' 

+ 2 sin 2t (tti + 712) (ai', y', z', 6 *'**) JO^ 

— \ sin 2 t{g {y', z') Vx' 6 ''^ — g {x', z') 

+ g {y', Jz') Vx'JO'^ - g (x', Jz') V,, J0'«} 

- |{cos 2 t (tti + 712 ) (x', ?/', U, 0'#) 

+ sin 2 t (tti + 712) (x', y', z', 

( 25 ) R{x',y% = +TT'2){x',y')0't, 

- cos2t{h (?/', 2 ;') (^(ei - 6262 ) + h {y', Jz') (^^ei + 0 'ie 2 )} 

+ 9 iv', z') 

R{x',^)z' = + 713 )(x', 

+ cos 2t {h (x', z') [O'^ei — 6*362) + h (x', Jz') (6*361 + 6*(e2)} 

+ 9 {x', z') i- 

The eqnalities (23) and (25) imply the following 

Proposition 4 . 1 . The following equalities for the curvature tensor R of {S^{N), y9, 
g, g) are valid: 

R{x', y', z', w') = k'{cos2t 7 ri(x', y', U, w') — sin2t 7 r 2 (x', y', z', y:>uj')} 

- T^ 2 {x',y', z',w') 

+ 4 sin 2t {cos 2t (tti + 712) (x', ?/', z', 6 ^) 

— sin 2 t (tti + 712) (x', y', z', (p 6 '^)} 6 {ipw') 

— sin 2 t{g {y', z') [cos 2 t (Vx' 6 *)t 6 ' + sin 2 t iyx’ 0 *)w'] 

— g (x', z') [cos 2t {'Vy> 6 )w' + sin 2t {'Vy' 6 *)w'] 

(26) + g {y', Jz') [sin 2t {'Vx' 0 )u!' — cos 2t (yx'0*)w'] 

— g {x', Jz') [sin2t {'Vy> 6 )w' — cos2t {'Vy> 6 *)w']}, 
R{x',y',z',C) = -(tti + 7 r 2 ){x',y',z', 9 ^), 

R{x',y',^,w') = -{ni + 7 r 2 ){x',y',e^,w'), 

R{x' ,i,z' ,w') = -(tti + 'K 2 ){x' ,9'^,z' ,w'), 

R{ty',z',w') = -(tti + 712 ){9^, y',z',w'), 

R{^,y',z ',0 = 9 {y',z'). 

Using (1) and (23), we obtain the components gij and hij as follows 

9n = -922 = 933 = 1 , 9i2 = 921 = 0 , 

hii = —h 22 = cos 2 f, hi 2 = h 2 i = — sin 2 f. 
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Taking into account ( 13 ), ( 24 ) and ( 27 ), we get 

VeiCi = Vg^ei - 1 sin2^07, ex <^2 = Vg^e 2 + lsin2t - i, 

( 28 ) VejCi = Vg^ei + lsin2t Ve2e2 = Vg2e2 + |sin2t6*'**, 

VeiCs = VegCl = — 62 , = Ve3e2 = Cl, VegCs = 0. 

Bearing in mind ( 4 ), ( 10 ), ( 23 ), ( 27 ) and ( 28 ), we obtain the values of the square 
norms of V(/? and V'J as follows 

||V^||2 = 2{(0()2-(0')n + 4 , 

||V'J ||2 = (l + cos 4 f){( 0()2 - ( 0 g 2 | _ 2 sin 4 t 0 ( 6 »'. 

The latter equalities imply the truthfulness of the following 

Theorem 4.2. The manifold {S^{N),(p,^,r], g) is an isotropic-cosymplectic B-met- 
ric manifold if and only if it is valid 

II V'J|p = —2(1 + cos 4 f + sin 4 f 0(02). 

By virtue of ( 23 ), ( 27 ) and ( 28 ), we compute the components Fij^ of F. The 
non-zero ones of them are 

Fill = .^122 = cos2f0( — sin2f0(, F211 = F222 = — sin2t0( — cos2f0(, 
Fi31 = Fii3 = —F 232 = —F 223 = — 1. 

Using ( 2 ), we obtain the components of the Lee forms of {S^{N),Lp,^,r],g) and 
the non-zero of them are: 

01 = 02 = cos 2 t 6[ — sin 2 t 0(, 02 = —0( = sin 2 t 9 [ + cos 2 t 0(, 63 = —2. 

Bearing in mind ( 3 ) and ( 29 ), we establish the equality 

F{x',y',z') = {F^ + F^){x',y',z'), 

where F^ and F‘^ are the components of F in the basic classes Ti and T4, respectively. 
The non-zero components of F^ and F‘^ are 

— 01 F^ — F^ — —0o 

.6111 — r’122 — ( 71 , ^211 — ^222 — ( 72 , 

pi tpA 174 174 In 

-6131 — -6113 — -6 232 — -^223 — 2 ^ 3 - 

Therefore, we establish the validity of the following 
Theorem 4.3. The manifold {S^{N),ip,^,g, g) 

(1) belongs to Ti © T4, 

( 2 ) belongs to T4 if and only if {N, J, h) is a Kdhler-Norden manifold, 

( 3 ) could not belongs to ©i. 

The class Ti © T4 is a subclass of the class ©i © T4 © T5 of the 3 -dimensional 
normal almost contact B-metric manifolds. 

Bearing in mind ( 26 ), ( 27 ) and ( 28 ), we calculate the components Rijke of R. The 
non-zero of them are determined by ( 5 ) and the following 

F1212 = Fcos2f — 1 + sin2t cos2t {(Ve20)e2 — (Vei0*)e2 + 80102} 

+ sin^ 2f {(Ve20*)e2 + (Vei0)e2 + 8(0i)2}, 

F1213 = 202, F1223 = 201, F3113 = —F3223 = 1 - 


( 30 ) 
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Bearing in mind (8), (27) and (30), we compnte the basic sectional cnrvatures /c^- 
as follows 

(31) ki2 = -Ri212 ) ^13 = ^23 = 1- 

Using (7), (27) and (30), we get the basic components pjk and p*f. as well as the 
values r, t* and t**: 


Pll = —P22 = Ri212 + 1, 

P 33 

= 2, 

Pll 

— 022 

Pl2 = P2l = 0, 

Pl 3 

= P 31 = —201, 

P 23 

= 032 

Pl2 = P 2 I = -^1212, 


= Pll = 202, 

023 

= 032 

T = 2R1212 + 4 , 

T* -- 

= 0, 

.J-** 

= 2R 


(32) 


1212 - 

By virtue of the latter equalities for p, p* and (27) for pij, we get 

Theorem 4.4. For the manifold {S^{N), ip, rj, g) the following assertions are equi¬ 
valent: 

(1) {N, J, h) is a Kdhler-Norden manifold; 

( 2 ) p = k' cos 2 t p + (2 — k' cos 2 t)g (g) g; 

(3) p* = {1 — k' cos2t)(g — g®g). 

Let us remark that the assertion (1) in the latter theorem is equivalent to the 
assertion that {S^{N), p, g, g) is an T 4 -manifold, according to (2) in Theorem 4.3. 

The assertion (2) in the latter theorem shows that {S^{N),p,^,g, g) in this case 
is an p-Einstein manifold, according to [10]; whereas the assertion (3) in the latter 
theorem presents p* as proportional to g*, which is dehned by g*{x, y) = g{x, py). 
By virtue of (31) and (32), we conclude the following 

Proposition 4.5. For the manifold {S^{N),p,^,g,g) 

( 1 ) the sectional curvatures of the ^-sections are constant, 

(2) T* = 0, 

( 3 ) T** = T- 4. 

Taking into account the hrst equality of (30) and the equalities in the last line of 
(32), we get the following corollaries. 

Corollary 4.6. If {N, J, h) is a Kdhler-Norden manifold, then 
T = 2 {k' cos 2 f + 1 ), T** = 2 {k' cos 2 t — 1 ). 

Corollary 4.7. If {N, J,h) is a Kdhler-Norden manifold, then 

( 1 ) k' <t) if and only if 2 {k' + 1 ) <t < 2 , 2 {k' — 1 ) < r** < — 2 ; 

( 2 ) k' = 0 if and only if t = 2 , r** = — 2 ; 

(3) k' > 0 if and only z/2 < r < 2{k' + 1), —2 < t** < 2{k' — 1). 
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